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XXVII

2oupolo

KYPIOTEPA XYMBOAA

Erecipynon

S

To cOvoro pe pérn ...

AcB,BoA

A vmoovvoro Tov B 1 A mepiéyetaroto B 1 B mepiéyetto A

AcB,BoA

A yvnolo vrosvvoro tov B 1 B mepiéyet yviowe o A

AUB, BUA

H évoon tov cuvorlov A,B

ANnB, BNnA

H topn 1 10 yvdpevo N 1 dwatopn twv cuvorlov A, B
Av AnB=J ta A xar B Aéyovrar Eéva petaé&d Tovg

S
({x:.3, {x]..)

Zuvorodopog oot dopet, dnradn ktilet, To GUvoAo pe Phon
ovvnkm v omoia opilet ) ovvdetikn TpoTaon (kabopilovoa
TPOTOOT 1 YOPAKTNPLOTIKY TpdTacn) Tov PpiokeTat petd To Ko-
TOKOPLOO TN ) THV Ve KAT® TEAELD

XeA, AsX

To X &lvon otoryeio N péhog tov A, 110 X avikeloto A, 1
T0 X TEPEYETAL O6TO A

XEA, AP X

To X dev avikeltoto A, 10 X dev mepEyetal 610 A,
N 10 X dgv eivon otoryelo N pélog Tov A

[Mo kdBe N yio0 OA0 (koboAikdg T0c0delKTNG 1) YEVIKOS TOGOTIOTNG)

Ko (Aoyedg ohvdeopog 6vleving)

Eire (Moyucdg chvdeopog eykhelotikng 1 abpototikng o1dlev-
Ene). To ovpmepmtikd v onuaiver 0111 Ao eivar oknbv, ov
TOVAGYLOoTOV o 0o TG dnAdoel P kot q etvon aAndvn

'H (hoywkdg odvdeopog amorkdeotikng o1alevéng). To amokieloti-

KO Vv onpaivet 6t Mhwon etvon adndvn, dtav axpipag pio amd Tic

dnAooelg P kot g eivor aAnbvn

Ynrdpyet £va TOVAGyIoTOV 1) Yo Leptd (VTopELakdg TOG0dElKTNG)

Agv vrapyet kavéva 1 dev vITapyovYy

Yvvemdyeton (cOVOEGHOG CVVERNY®YNG), OpKel (QTAVEL)

[6000vapo mpog, Emetar Kot avTioTpoa, av Kot Lovo av, T0Te
KoL Lovo 1dte, GLVEMAyETAL aVTiGTPOQO.

Iooduvapia (dtvetar €& opiopov)

Ex tavtottog ioov, tavtiletal, icov €§ opiopov

[Iepimov ioov, katd mpooeyyion icov

p enl g (Tpd&n Tov TOAATANGIAGLLOV)
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KYPIOTEPA XYMBOAA & APIOMOXYNOAA

Néog copforopnog TMV VTOGUVVOLMV TOV KUPLOTEP®V aPLOROGVVOLOV

Opwopoc.

Hapaznpnon.

2yoho.

Hapadetypata.

YnobBétope 6t1 10 X givar éva and ta apiBposvvora N, Z, Q, R,
A,, C, ... Oa copPorilope pe X, 10 YVNG10 VTOGVUVOLO TOV X, TOV
omoiov Ta oToLYElD, AVAKOLVY GTO LIOJISTNHA A Tov X TOV €K-
epblet 0 vmodeikng A, OnA. Xp={X:Xe Ac X}.

Ereion o didatnua A, pumopei va exppoatei avufolika e pio oyéon my. <3, #l,... i
wg owaotnue. ¢ popenc Ty, [0,7), [-x.e],..., o mapemdve cvuPoliouds umopei va. yiver
evlog auéowg katavontog, ae kabe Piua e dladikaciog exilvang evog mpofiiatog
Kol uag O1vel 6Aeg TG amapaityTes TANpopopies, onlodn, tov minpn kabopiauo tov dia-
OTUOTOG, YOPIS VO, TPETEL VO, OVOTPECOUE TE TPONYODUEVO. ETITAYUATO, TOV TPOPINIOTOG.
Eivar mpogavég 011 0 avykekpiuévog auufollaucs vmeptepel Twv Tal010TEPMY Kal Yive-
a1 poandbela va kabiepwbel kar ato mopov fiprio. Aev ypnoiuomoiodviar miéov exbé-
1 1f vmodeikteg m popeis (), O™, sy Osys O, () 0V 0moiwv ypion
yvotay moadaiotepo. Av oty exiloon evog mpopinuatog, divetar ot my. X € (0,7],
Oa. émpere v avapwthboiue, oe mo apifuoaivoio eumepiéyetar o apifuog X ; O opib-
pos X Oa umopoboe va evor X=1,2,3,4,5,6,7 1 {0<X<T7TAXxeQ} 1
{0<x<7AXxeR} ..kt Ze aviifean, o ovupoliouos X € N ;. kabopiCer
TAIPOS T0 GOVOLO TV TIUWY TOD Umopel vo, Adfer o X.

N, =N_,=N_,={2,3,...} (nehoadrepa N*)

R, =R\{0} ={x:xeR A X#0} (nohorotepa R")
Z,,=7.,=N={0,1,2,...} (moladtepa Z )

L., =7, =N, ={1,2,3,...} (nokootepa Z, )

Z, ={....,—2,—1,0} (modudtepo Z )

Z_,=%_y=A{..,-3,-2,-1} =Z\N (nohoadtepa Z__)

L, =L\{0}y=2Z_,9L, =7_,I7L_,(nakodtepa Z")

N, =N,,={2,34,..}={n:neNAn>1}

N[1,5] = N(O,S] = N[I,G) = N(o,s) =11,2,3,4,5}
N_,={0,1,2,3,4} #Z_, ={...,—4,-3,-2,-1,0,1,2,3,4}
R ={X:XeRATSX<SS5 =R, ={X:xeRAl<x<5}
R,={Xx:xeRAXx>5}, Q,={X:xeQAXx>5}

L ,=7_4=4....,-9,-8,-T}={X: XeZAX<-T}

Ry UNy = X:XeRA—-~2<x<31U18,9,10,...}
Rpe =RVR jUR,)=(R\R_)N(R\R,,)

Ny W Ny = N\Nm] ={0,1,2,4,5,6} U{10,11,12,...} = N\{7,8,9}
C,=1{2:2eCArz#0}={2:2€CA|Imz|+|Rez|=0}
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BOewpobpe T Odtaén mov eppaviletor 6To TapakdTo Zynua-1 pe
ta onueia F,G va mepiéyoviat avtictorya otig mievpés BC, DA tov
tetpayovov ABCD kot AapfBavope to péco M, g FG. To onpeio
M, Bpioketar 6t pecomapdAinin twv BC,DA . Emmiéov,

emewdn to ptyovo aEFG elvan ioomhevpo woyvet 61t EM, LFG (1)

ABCD tetpdymvo

AXA=xB = 90° {(EAGMI)WWm } N {go = 600}

Kot M — o
£EM,G = £EMF =90° (EBEM,) §=60

EYYPAYIO

Emopévag to tpiyovo aABM, eivar i66mievpo kat dpa, o M, eivor

otabepd katd v kivnon tov onueiov G oto dwotnpa [G.D].

i C DG G,

B A

Zynpo-2

"o tov xaBopopd tov onueiov G, E,E,E., dev etvar dyvmoto
(BAéne «OYZIQAH MA®HMATIK A t6pog I1, doxnon 7, oehideg 956 ka 1006...)
ott £G.CD =AF,DC = £E ;DA = XE.CB=15°.

DG, =CF, =a-tan15°=(2-3a) }
E,E.=a-2a-tan15°=3(2-3)a

10 mapondve Zynua-2 tapovotdletol n didtalr, oty nepintmon
nov to onueio G avhkel oty mhevpd DC tov teTpaymdvov. Kat
oTNV TEPIMTOON OVTH, HE OO0 TPOTO, LWITOPOVLE VO OITOdEIEOUE TV

Emopévag, {

vmapén evog devtépov ctabdepov onueiov M, kat va kabopicope to
avtiotorya otacTiuata. Amd 1o Xynua-1 uropodue vo copmepdvope
) petaforn) tov epPadod (EFG) pe tov akdiovbo tpdno.
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To gupaddv (EFG) = \/— FG2 givan avéroyo tov FG* ko cuvenac,

TO EAYIOTO KOl TO PEYIGTO TOL gUPadov avTov, Bo avtioTotyel 6TV
eMdyLoTn KO 0T Héytotn Tiun g mAevpdg FG.

Emopévac, ya to péyioto kot 1o ehdyioto tov (EFG), woydet dtu
in (EFG) = a’ A3
min ( ) ) N
2 = 4
max (EFG) = (a(+3-1)v2) -é

2vunépacpa: Otav ot Kopveég tov 1oomrevpov aAEFG Bpickovtan
oe tpelg kabopiopéveg mhevpég Tov teTpay®vov ABCD , mdvta pia

223
<(EFG)<2+\/_

mAevpd Siépyetan and éva otabepd onueio (M,,M, ,M; 1 M, ) kot

10 epPaddv (EFG), wcavomotel tnv mapakdtm ovicoicoTKn oxEon:

0.433a’ g 2¥2 ‘/_<(EFG)< a3 46507,

243

= C

>a
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MpopAnua 2

m Avon.

210 gomtepkd teTpaydvov ABCD mhevpdg a, Oewpovpe onpeio P
ko v kdBetn PH mpog v mhevpd AB.

Av dtvetan 61t PH =1, PD =2 o1 PC =3, va vroloyicete v
mhevpd a tov terpaydvov ABCD kot 6tn cuveyela va Bpeite pia
TPOGEYYIGTIKN TIUN AVTYG.

Dq a ,C
2 3
a a
P
1
A B

BOewpoipe 10 evBOYpoppo Tuqpe EF mapdAAnio mpog v mAevpd
AB kot to omoio va mepieyet to onpeio P . loyver 61t x=AH =EP,
a-Xx=BH=FP, AE=HP=BF=1 xau« ED=FC=a-1.

5 C

A(.,

X 1 a-x B

Enedn XPED = XPFC =90°, ta tpiyova aAPED, aPFC givat opBo-
YOVIOL KO ETOUEVMS LGYVEL:

{EP2+ED2 =22}:3{X2+(a—1)2 =2 (1)
FP* +FC* =3’ (a—x)*+(a-1* =3’ ()

Me agaipeon tov (2),(1) Tpokdntet 611 (a—X)* —X* =3> -2 =

=a’+x —2ax—x’=5 =>a’-2ax=5 %Jx:z—;(az—S). 3)

2 2
12 (32—;5) +(a-1y=4=(a> -5’ +4a’(a-1)’ =16a’ =

=a'+25-10a*+4a’*(a’ +1-2a)=16a’ =
=5a*-8a’-22a*’+25=0=
=5a'-(5+3)a’-(25-3)a’*+25=0=>



OYZIQAH IIPOBAHMATA EYKAEIAEIAY TEQMETPIAY 5

Hoapazipnon.

= (5a*-5a’)+(3a’ -3a’)+(25-25a*)=0=
=5a’(a-1)-3a’(a-1)-25(@-H@a+)=0=
=(a-1)-(5a'-3a*-25(a+1))=0=

a>1

= 5a’-3a’-25a-25=0. 4)
[Ma v enidvon g e€lowong (4), Bétopne a= ZTH , (%)
o Z2+1Y  Af(z+1) Z+1\_ s _
onAadn etvon 5( 5 ) 3( 5 ) 25(—5 ) 25=0=
3 2
2 +1+37 +32_3‘22+1+22_52_5_25=0:>

25 25
=2’ +1+32° +32-3-(2* +1+22)-25-(52+30)= 0=

=22 +1+32°+32-32*-3-62-1252-750=0=

=7’ -1282-752=0=17"=1282+752. (6)

H ebpean tov kazalinloo uetoaynuomiauod (5), éyve pe tov axorovbo tpomo:
Toc v elalenyn tov devtepofafuion opov, av tebei doxiuaotivg a = & +C, omov C

{nroduevog mpayuariog apifuds, mapozpoiye ot ) eiowan (4) yiveroi:

5(E+c)’ =3(E+c)’ —25(E+0)-25=0<
& S5E +3(5c-1)E* +(15¢° —6C—25)E +(5¢° —3¢® —25¢-25)=0.
Mo 3(5c-1)=0=c=1 dpladipo a=E+1=125& =640& +752.
Ene1di oy mepintaon pag o covieleotic 125 =5, yia nepatépo amiomoinon g
eCiowans Oérope ka1 & =+ 7, ondte n eCiowon yivetar 7’ =1282+752.

O petacynuaniouol @ =& ++ ka1 & =12, ovvoyiloviar oe éva, Tov @ = ZT“

H e&iowon (6) eivan tpitov Pabuov, ympig devtepofdduto 6po, n o-
ot Advetan av 1e0ei dmov z =Yu +3/v. (7)
And v (7) mpokdmter 6t 2° =u+v+33Ju-3v- (%+ 3/;) Kat €Tot
1 (6) yiveraw u+v+3u-v-(u+3v)=128-Fu +3v)+ 752 =
= u+v+(3u v -128)-(u+v) =752, ®)

(8) 3
Amoutodpie (3%-%/?—128):0:{ 27u-v=128 } 9)
u+v=752

Amo u+v=752=v=752-u, ondte, amd v 27u-v =128’ &yope:
27u(752—u) =128'= u2—756u+(%)3=0:u=8(47i%\/129).

Emopévmg n emiAvon tov cvotuatog (9) divet:
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a) Tpeic xoxhot (x),(A), (1) pe kévipa K,L,M oavtictowya, mepié-
youv éva kowé onpeio P kou eivar (A)A () ={A}, (1) (x)={B}
ko () A(A) ={C}. Av o mepikvkhoc Tov aABC, mepiéyet 0o amnd

ta kévtpa K,L,M, va anodei&ete 611 Oa mepiéyet kan to tpito.

A

M

(1)
b) Tpeic icor kbdkhot (x),(4),(x) pe xévipa K,L,M avrictoya,
mepLEYoLV €va kowvd onueio P kot emumAéov, avd dvo ta Kowvd on-
neia A,B,C pe (DA (W) ={A}, (WAK) =B}, (K)A(A)=(C} .
Na amodeitete o1t 0 KhkAog mov opiCovv ta onueio A, B, C eivan
{o0g mpog Tovg KHKAOVG (K),(A), (1) .

Bedpnua Tov
Roger Arthur Johnson

m Anddeiln. a) Eoto 6t o mepikvikiog (€) tov aABC mepiéyet ta kévrpa K, L.

Bewpovpe tpia Tvyaio onpeia D, E,F ota t6&a ]/3?3,(/3_1&,2‘33 avTi-

oToya, OV Oev mePEYOVV To onueio P kot éotm 611 KBDC =9,
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Oewpovpue 10 Toparnridypappo AMBO kot e&ontiog g (1),
TPOKVTTEL OTL Kot TO TETpAnAevpo AMBO egivan poppog. (2)
Emumiéov, Adyom tov (1) kot (2) woydet ot

OB||AM||LP||CK kau OB=AM=LP=CK =R. 3)

Tehwcd, n oyéon (3) diver 611 OB||=CK =KB =R, dpa kot 1o mo-

paiinroypappo BKCO eivar poppog, omdte OA=0B=0C=R,

dNradn, o mepikvkAog Tov Tprydvov aABC €yet oxtiva R.

2yoho. To mapamdve Gempypo Ceywpiler oyi uovo yion Ty oxAoTHTO KOl THY KOUWOTHTE TOV,
0446 ka1 yioti, o’ 6,11 yvapiloue, avorxaldpdnke uoli to 1916, axd tov Auepixovo
yewuétpy Roger Arthur Johnson (1890-1954).
O David Wells ypager oti: «Avté to ayetind npoepato ebpyua, oTyy i6T0pic Ty
palnpatik@v, vwooniovel 611, Evag TAOUTOG YEOUETPIKMY 1010THTWY, TAPAUEVEL
KPOUUEVOG, TEPIUEVOVTAS VO, AVAKAADPOEDY.
H 10éa ot1 moAd amiég, alhd watogo fabiés évvoieg twv pabnuatixaov, uropodv vo. o-
voxavpBoly axoua koa anuepo, dev Eival 060 VTEPPOLIKT 0G0 0KODYETOL.
Mepixa, mopodetyuato mpospotmy avaxeidyewy eivar n Gewpio v KoweAikov avto-
dzav ko 1 péodog tov Monte Carlo oo tov Stanislaw Ulam (645 tov 2000 eaciva),
10 poviélo mlaxidicwv tov Roger Penrose (1973), n duopen ovurepipopd. tov covédov
Mandelbrot, evég modimdokou fractal (téln tov 2000 ciwva), K.T.A.
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Av {B,Cle& = Ce& AFe& = FA} =(g)n(C) N avéroya dtav
{B,C}e& =Ce& AnFef = 3{A}=(g)n(C), totE TO MPOPANpCQL
&xel mavta Avon (PAéne 0 TpdTO 0o T0L TAPAKAT® dV0 GYNHATE). ZTNV TTE-
pintoon mov Be & A Ce &, = {C,F} € £, dev vrapyet mbvto 1 Topn
(&) N (C) kot To TPOPAnLa propet Kot vo unv €xet Adon (PAéne to dev-
TEPO 0O TOL TAPAKATO GV0 GYNHaTa) YEYOVOS TOv e€apTdtan amd T yovia
0 . To 1610 cvpPaivet ko 6tav Be &, ACe & = {C,F} €€,

F
Aif\
oC

g

NN Ecotepikd kavovikol teviay®vov ABCDE , Bswpoiie to 16omAgy-
po tpiyovo aABF kon e€mtepikd avtov, 10 106mAevpo aABG . Av

M, N 10 péoa tov mievpav BF,CD avrtictorya, va anodeicete Tt

ta onueia G,M, N dev eivar opogvBetaxd.

IIpoepyoaia. Xwpic PAEPN Tg YevikdOtTTog, Bempovpe 0Tt 01 TAELPEG TOV TTEVTA-
YOVOL KOl TOV IGOTAEVPOV TPLYOVOV Elval 10€G LE TN LOVADOL.
Aniodn AB=BC=CD=DE=EA=AF=FB=AG=GB=1.
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‘Eoto g to unKog tov dtayoviov tov teviaydvov, O 10 Péco g
AB, xOy opBoydvio cuotnua a&ovav pe B e Ox, D € Oy kot to
H, n opOn mpoPoin tov C otov aEova X.

Y2 O Y. B H

Me Bdon to Osopnua tov Iteleuaiov 6To £yypAYILO TETPATAELPO
ABCD woyvet: AB-CD+BC-DA=AC-BD=1-1+1-q=0-q=

_1E5 0 1445 0

2
210 opBoydvio aOBD 1oyder OD’+O0B’=BD’= y; + (%) =q’' =

v (2)2 (1+\/_) oy 5+2\/_ij:% 5i2d5. @)

Am6 ta opboydvia tpiyove aAAHC, ABHC mpoxvntet 6tu:
y.=CH?=AC’-AH’ =BC’-BH’ = ¢’ - (1+BH)’ =1-BH’ =

1)
—g*~1-2BH=1=BH = q 3**/_ */_1 3)
Apa Y. =CH =/BC* - BHZ—,/ ‘/_ 1 :>yc 5**/_ L (4)
(3)
Agdopévov 6T X. =OH =0B+BH = \/—+1 %)

2

m AntddeiEn. Av P n opOn mpofoin tov N otov d&ova X (BAéne 1o mopokdto oympe),

oto tpanélto OHCD pe N,P péoa tov CD,HO avtictotya, woydet:

Yo+ Y, @@ \/5+\/_ \/5+2\/_
2 22 2

Yy=NP= Ko X, =OP =
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¥ _\BH
) N
OH _ X PJ5+1 8 B

=< . Apa
2 8 y 104245 + 2454245
-
8

Av S n opbn mwpoPoir tov onpeiov M ortov aEova X, totE GTO 1-

comievpo aAFB 1oyvet 61t MB = MF = SB =S0 = X, %
_veolrgol1.43

Y —MS—E-FO—E-T 2uvenmg elvar { =7 Y :i}

I'a v kopven G 1ov AAGB, &yope 011 { X, =0,y = }

Mo va givor ta onueia G, M, N opogvbeiokd, apket va 1oyveL:

G (%> Y¥s)

Vs Yo _ Yu = Yo G0 2

Xy — X Xy —Xg J§8+l_() 1-0

=10+245 +251 245 =3\/E—\@c(\/10+2\5+2\/5+2\5)2=
—(3V15-3) = 4701305 +1045 +30 =138 - 185 =

J10+26§2J5+2£ _(_ﬁ) ) B_(_;)
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m AAMac.

7043045 =27-75 <= (J70+3095 ) =(27-745) <

—=70+30y5=974-378/5 =515 =113 =13 005 =12 769,
nov odnyel oe padnuatikd adEEodo. uvenmg, ta onueic G, M, N

dev elval opogvOetaxd.

‘Eoto {Q}=GM N AB, P 1 opbn tpoPoin tov onueiov N otov

GEova X, (Préme 1o mopokdte oyfue) kot éotm N’ 1o onueio mwov 1 ev-
Oeio GM téuver v NP . Enedn Q elvan Bapl')strpo TOV 1GO0KE-

Aovg Tpryddvov GBF , oyvet 611 OQ = 1 OB 3 S L, 0Q= l. 9)

PN’ ﬂ
EmmAéov, eneidf] aQOG ~aQPN’, cvvdyetat 6Tt =~ 0G ~ 0Q =
OG+PN' _0Q+PQ PN’ _ OP OP
e 00 =106 =04 = PN'=0G: (OQ )

(®)
0G =|y,| = */_

=

Eneidn § OP = x, (i) 5_+1 , émeton 6t1 PN’ =%-(3\/§—1) . (10)
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IR R a) Alvetar tpiyovo aABC tov omoiov ot tpelg yovieg a, 8,y o€

m Avon.

HOIPEC, OVTIOTOL(OVV GE TPELS KTPMTOVS» OPlOOVC.
Noa vroloyicete T KPATEPT YOVIO TOL TPLYOVOL 0VTOD.
C
Y

«
A 8 B
b) Atvetar opBoymvio maporlinidypappo ABDE kot to péco C g
mievpds AE . Evbeia (&) (010 oynua 1 dtatépuvovsa tov ypapuatog M) me-

pLéxel to onueio A Ko StaTépvet ta evOLYpOLL TUHLOTOL
BC,CD,DE ota onueia F,G,H avtictoyo.

Na vroloyicete ta unkn tov tunudtov AF,FG,GH , av avtd
aVTIGTOLYOVV GE TPELS TPMTOVGS aptpovs a,b, X .
Bg--------————mmm D

(€)

a) Ocwpovpe 10 cbvoro P ={2,3,5,7,11,13,17,19,...} 1oV «tphd-
TOV» aplOudV Kot £6T® OTL «Kapion amd NG YOVIES TOV TPLY®VOV
aABC dev gtvan 2°.

Andodn a, B,y € P—{2} kot dpa Oleg o1 ymvieg Ba givar mepirtol
apOpoi e popeng a =2k +1, B=2/+1, y=2m+1 yo K4moovg
apBpovg K, /,meZ,, .

Av Bewpnoope onoteodnmote dvo ond 1§ a, B,y Ty TS 3,7 TOTE
10 dBpoopd toug B+vy=(20+1)+(2m+1)=2(/+m+1) =20 Oa &i-
vat aptiog apBpog. Apan a=180-29=2(90—-q) =2m =dptiog
TPAyHo AToTo, apol BempPNGaE OTL KOl O TPELS YWOVIES OVTIGTOLYOVY
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m AMdg.

m AAMac.

EF =ED'=cosZ

z
Yvvenag, éxoue < FFG'=D'C' = cos37” ko €artiog avtdv, 1 160-

AG"=B(C"= 00527”

mta C'G'=C"G"=CD'+D'E+EF +FG =C'B+BA+AG"=

= cos3T”+cos Z+cos T +cos37”—cos Z 4 1+cos2Z =
T 27

T
T 3z _1
= €o8 7~ C0s S~ + cos =2~ 7 =5

Agv glvar dyvooto 0t 2sinacosb =sin(a+b)+sin(a—b).

Ta vo amodeifope 611, 1 oyéon cosZ —cos2Z +cosZ =L -

7 7 7 2

Bevet, apkel va v ToAAaTAaGIALOE pE 2Si1’1% , OTOTE EYOUE:

2sinZ - cos% 2sinZ - cos 2Z + 2sin Z cos3—”—2sml-%<:

T
7 7 7 7 7 7

— sin(% + %) + sin(l S (sin(l + 2”) + sin(% - 27”) +

<:sin——0—sin3”+sm +sm4” sinz—”:sinlc

7 7 7 7 7 7

esindZ _sin3Z 1 inZ =sin Z | mov oAndevst

7 7 7 7’

Agv gtvon dyvooto 61t 2cospcos 3 = cos (@ +3)+cos(p—9).

O amodsifope 6tTLav S :cos% c0s 22 4 cos 3T téte S =1

7 7 2°

Ioyvet 61t 2cosZ--S =2cos (cosi cos2Z 4 cos 3”)

14 14 7 7 7

)
—2c0sZ-cosZ—2cos2Z . cos Z+ 2 cos 3E - cos K- =

7 14 7 14 7 14

U—)cos(g 172)+cos(%—ﬁ) cos(27”+%) cos(zT”—%)Jr

+cos(3,;Z + 1’2)+cos(37”—ﬁ)_

= c083Z 4 cosZ—c0s 2 — cos Z + cos LZ + cos O =

14 14 14 14 14 14

—cosﬁ+cosf—cosﬁ:2cosﬁ S —cosﬁ: S= 2

(1)
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IIINTINEEIE Alveton tetpdymvo ABCD (PAéne oyqua). Av A',B',C’, D’ givon ta

onueia Tov TPokLTTOLY amd TN 6TPoPn Tv A ,B,C,D pe kévipa

ta B,C,D,A, katd U40°,060°,0130°,070° avtictoyya, va

anodeifete 0tL ta onpeian A', B', C', D’ givon opokvkia.
.

B ATO0€1E. ATO TIG GTPOPES TV TAELPDV TOV TETPAYMDVOL EXOUE OTL:

AB=BC=CD=DA=BA'=CB'=DC'=AD’. (1)
¥10 1000KeAEC Tpiyvo aBAA' 1oyvet Ot
XBAA’= XBA'A = M =70° . )
Koataokevdlope 10 106mAevpo tpiyovo aABF, 610 ecmteptkd TOV

KABF = XBFA = XFAB = 60° 3)

terpayovov ABCD, dpa
BF=FA=AB 4)

3)
Enionc £DAF = XDAB— XFAB = 90°—60°= xDAF=30°.  (5)

®)
Enewdn { LFBA'=40°+60°=100° A XFAD’ = 30°+70°=100°} =

= £FBA’ = XFAD' =100° (6)
(6) o o
ka1 £BFA’ = KBA'F = KAFD' = XAD'F = w =40°.  (7)
) ()
E&autiog tov oyéoemv (6), FB=FA kot BA'=AD’', apoximtet 611
T0 1oookeA Tpiyova aFBA’, AFAD’ eivan ica. Apa FA'=FD'. (8)

(3).(7)

Eivar XA'FA = XBFA - XBFA’ = 60°-40°= £A'FA =20°. (9)
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MpoPAnpa 197

m Aol

X kd0e mievpd tprydvov aABC ypdgopie KOKAO, e KEVTPO TO -
G0 TNG TAEVPAG KO OKTIVOL TO £VOL TETAPTO TOL UNKOLS OTNG.

a) Av ywo kd0e (gvyog TV KOKA®V TV, LITAPYEL TOLAGYICTOV Eval
Kowo omnueto, va arodeiete 0tL 10 Tpiyvo aABC gtvarl icdmAgvpo.

B\/C

b) Na anodeiEete yia kébe tpiywvo aABC oyvet 011, o1 Tapamdvem

TPELS KOKAOL etvan advvato va £xovv, €61 1 mévte 1] Eva N KavEval
Koo onueio. Aniadn dvvavral va teptEyovv povo 6vo 1 tpia N 10
TOAD TE0oEPN KOWVE onpeion (0Tmg ONTIKOMOLEITAL GTO TOPOKATE® GYNHATO).

a)'Eoto BC=a, CA=Db, AB=c otmAevpég oV Tptydvov aABC

KO £0TO (K,%), (L,%), (M,%) ot kokAot pe kévrpa K, L. M to pé-

oo tov TAevpdv BC,CA, AB kot oktiveg %,%,% avticTouyo.

BempovLE Y10 TOPASELY O TOVG KUKAOLG (L,%) , (M,%) KO EYOLLE:

a/2 a/2 a/2
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(61(T(8) K% +Xcos£B A % +Yycos£C H % +2cos XA
A+ Xxcos£C M1+ Yycos XA " k+zcos£B
_X K+2cos£B Y A+xcos£C 7 HH+YCOSZA | |
Z A+xcos£C X pu+ycos£XA y k+2cosxB
B CiP, AP _q g BS, CS, AS,
CP, AP, BP, CS, AS, BS,
10 Oedpnua tov Giovanni Ceva (fiére: «lewuetpika Oéuatay tov M. I'. Mo-
poykaky, aed.334, Oéua 7, AOyva 1978, Ay amo hitps:/fousiodi-mathimatika.gr xoi
oto. «OYZIQAH [IPOBAHMATA XTOIXEIAKQN MAOHMATIKQN» téuog-111,
mpofinuo: 17ii, aerion 57) odnyel 6to cvpmépacua ot ot vbeieg mov opi-

=1, yeyovdg mov pe Baon

Covtan amd Tto. AP, BP,, CP;, mepiéyovv £va koo onpueio.

Aivetow n enikevipn yovia XAOB=gpeR , , evog KOKAov (C), ue
kévtpo O ko1 ddpetpog CD m omoia diyyotopei v @ . Av DT
(T € BC) glvau n diyotopog s yoviag £BDC kaw 3= LATC, va
VIOAOYICETE TN YOVia F GE GLUVAPTNOT TG @ . LT GUVEYELD VO O~
nodeiEete 6T M yovio S amotedel pia eEAPETIKY TPOGEYYIOT) TOV
eVOG TPITOV NG YOVING @ KoL VO GOUTEPAVETE io OTTAT] YEOUETPIKY|

néBodo Tpryotdunong dedopévne ymviag pe peyain axpipeta.

A

m Avon. Xopic PAaPN g yevikdttog, Bewpodpe OA=0B=0C=0D=1.
Enewdfi, £BDC =1BC =2, sivat «BDT = £TDC=1BDC=2.
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Q /3 9 Q /3 9
10° 3.333° 3.333°|100° 33.33° 33.27°
20° 6.667° 6.666° | 110° 36.67° 36.59°
30° 10.00° 9.998° [ 120° 40.00° 39.90°
40° 13.33° 13.33° [ 130° 43.33° 43.20°
50° 16.67° 16.66° | 140° 46.67° 46.50°
60° 20.00° 19.99° [ 150° 50.00° 49.79°
70° 23.33° 23.31° | 160° 53.33° 53.08°
80° 26.67° 26.64° | 170° 56.67° 56.36°
90° 30.00° 29.96° [ 179° 59.67° 59.31°

Karooxevn. Me dedopévn ) yovia ¢ = £aOb axolovBovue ta eEng frpota:

Bnuo-1. I'pdoope kdkio (C) kévipov O, o omoiog téuvet ) dedo-
pévn yovia ota onueio A,B.

Bniua-2. Katackevdlope ) dyotépo d g yoviag ¢, n onoia opi-
Cet otov KOKAO (C) Ta onueio C,D.

Bnpa-3. Katackevdlope ) dyotopo &, g yoviag £BDC kot o-
piCope to onueio T eni g BC.

Bnuo-4. I'pdoope tov mepikviio tov tpry@vov aOTA o omoiog opi-
Cer onv mpoektaon s BC onueio F.

H npevbeia Ot mov opiletar amd to tunpa OF givor n tpryotdpog

™G 0edopévng Yoviag @ .
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2V evleia X Oewpodue ta onueia A, A,,A;, A, A,,... 101, ®CTE
AA, =AA =AA, =A A, =... xauotmy evleia Yy, Ta onueia
B,,B,,B;.B,,B,,... étc1, ®ote BB, =B,B, =B,B,=B,B;=....
Av 6soprioope 6t {S,} =A B, "BA,, {S,}=A,B;nB,A;,
{S;}=A,B,nB,A,, {S,} =A,B,nB,A,, ... va anodeifete 011 TOL

onueia S,,S,,S;,S,,... elvar opogvbeioka.

m Anddedn. Eoto 611 ot evbeieg X, y mepiéyovv éva onueio O, a=0A,,
b=0B,, p=AA, kut q=B,B,. Ocwpodue ta onueia X,,Y, enl
v evbedv X,y avtictoya £tot, wote XS, || Y, Y,S, || X kot éot®
ont X, =0X, (=Y,S)), ¥, =0Y, (=X,S)).

Adyo g maparinidmrog tov XS, || Y, Y,S, || X, tpokdntet ot
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ﬁ_BzYl _ (b+Q)_yl —1- Y,

AB2Y181 zABZOAlj a - BZO - b+q B b+q =
XN =
= a+b+q—1=>(b+Q)X1+ay1—a(b+q)' M
- Xl _ BIYI _ b_yl _ _L
aBYS, NABlOAZ:a+p_B10_ b =1 b -
:>L+ﬁ=1:>bxl+(a+ Py, =b(a+p). 2

a+p b

Ao 11c oyéoelg (1) ko (2) cuvdyeton Ot
b+qg a X | _[a(+a)
b a+pl||y, | [b@@a+p)]
b
e ‘=(a+p><b+q)—ab=pq+aq+bp,
b a+p

a(b+q) a
b(@a+p) a+p

omote, A=

X

‘:a(b+q)(a+ p)—ab(a+p)=a(a+pq

b+qg a(b+q)
b b(a+p)

, A a(a+p)q Ay bb+g)p
OVERAS, {X‘ A aq+bp+pqg’ Yi A ag+bp+pq )

=b(b+qg)(a+p)—abd+g)=b(b+qg)p.

Ko Ay =

Avdroyo anotéleopa npokvmtel av, avii tov O,A,A,,B,,B, Oto-
pnoope ta onueio O,A,,A,,B,,B,, ta X,,Y, otg X,y aviictorya
étol, wote X,S, ||Y,Y,S, || X kot to onueio C enitng X,S, e
S,Cll X (BAéme to emduevo oyfua).

Av x, =0X, (=Y,S,), ¥, =0Y, (=X,S,), oyvet ot

CS, — Y.C-YS, _ Yo=Y 4)
SC X,5,-X,C X —X

Extelovpe Tig avTIKataoTaoels X, 2 X,, Y, 2 Y,, a2 a+ p ka

bz=b+q om oxéon (3) ko TpokdmTEL OTL:
{X __@p(@rprpa - Grobrg+a)p }Q
* (a+p)g+b+ap+pg’ * (@+p)g+b+a)p+pg

_(a+p)(@a+2p)q _(b+q)(b+2g)p
<:>{x2_ agq+bp+3pg > ’? aq+bp+3pq [’ ©)
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~
a+p

H oyéon (4) e€autiog tov (3), (5), dtapopemveror og eENG:
(b+a)(b+2q)p _ b(b+a)p
CS, _Y,-¥,__aq+bp+3pq aq+bp+pq _
SC x-X (a+p)(@a+2p)qg__a(@a+p)q
ag+bp+3pqg ag+bp+pgq
b+2q b
_Pp b+q aq+bp+3pq aq+bp+pg eheees
g a+p a+2p a _
aq+bp+3pq agq+bp+pq
b+29 p
P b+g 2pg+Q Q _p b+q (b+29)Q-b2pg+Q) _
q a+p a+2p a 0 a+p (a+2p)Q-a2pg+Q)
2pg+Q Q
Pp b+g bQ+29Q-2bpg-bQ p b+q 9Q-bpg _
g a+p aQ+2pQ-2apgq—-aQ g a+p pQ-apq
_p b+tg g Q-bp _b+q (ag+bp+pg-bp _
g a+tp p Q-ap a+p (ag+bp+pg)—ap

:b+q.a‘1+pq=b+q.&.a+p=ﬂj%:ﬂ 6)
a+p bp+pgq a+p p b+q P SC p’

Oewpovpue axoun to onueia A,,... kou B,,... (0nog napovsidloviot 610

TapakdTo oyfua), ondte av D etvar to onueio mov opiletan pe S,D || X

. oo CS, DSy g
kot DS, ||y ko pe Bdon v (6) oydet ot SC SD p° (7)
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Yuvenmg, av to tetpanievpo ABCD 1tov mpofAnpartog, avtictoryel
oto A, A;B.B, tov mponyovuévou oynpatog, To koo onpeio tov
drywvimv tov, avikel oty gubeia S, 1 onoia TepLEYEL Ta onpeio
H,F 10ov oyfuatog g ekpavnong.

Me avaroyo TpOTo TPOKVTTEL OTL, 1] €VOElQ TOV TEPLEYEL TAL OMUETD
E,G mepiéyet 1o onpeio Topung Tmv doymvioy Tov TeTparAedlpov
ABCD . Enopévaog ACNBD NEG N FH = {S}, énwg ontikonorei-

TOL GTO TOPOUKAT® GYTLO, GTT| YEVIKY| TOVL LOPPT).
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MpopAnpa 226

Igtopixo.

i) Av o evBeta dratépver tic mhevpég BC,CA, AB 1prydvov aABC
ota onueio K,L,M avtictorya, va amodeiete 4Tt 1oy0eL 1| oYéon:
AM BK CL _;

MB KC LA
A Ev00:
Oedpnpa Tov
M L Meveldov

K

B

ii) 1" vroomnpi&un exdoyn: Tpia onueion K,L,M aviikovv avtictol-

yo o115 evbeieg mov opifovran amd T mhevpéc BC,CA, AB tprydvov
AM BR CL
MB KC LA

Noa amodeiEete 6t Ta onueion K, L, M, givo opogvbetaxda.

aABC kot woyvet 0t

AvticTtpo@o:
Oeopnua Tov
Meveldov

—_——_—

2" vroompi&un ekdoyn: Av otig mievpég BC,CA, AB tprydvou

aABC vrdpyovv onueio K,L,M avtictorya kot aviKel povo Eva
amd avtd eEOTEPIKE (GTNV TPOEKTACT)) LG TAELPAC 1] Kot ToL Tpial

. Y ot G ooy BK.CL AM _ 4 .
eEMTEPIKA TV TAEVP®V £TG1, MOTE VO, LOYVEL KC IA MB 1,16

te ta onueia K,L,M eivar opogvBetokd.

O Mevélaog o Adeavopevg (70 - 140 1. X.) frav EAdqvos pobnuatikég xor aatpovo-
[0S, 0 TPATOS 16TOPIKE TOV GVVEANPE Ko Opiae T yewdodatoa, TV TPofoin oniadi ev-
Oe100v, mave oy empavelo [og opaipog Kol 0pice 10 TPITAEDPO (PaIPIKO TPIymVo)
oV Eyel ¢ TAEVPES, Tpior TOSa ueyiotwv KokAwY atny emgpavelo s apoipag. Epdpuo-
0€, T0 YVOITO ONUEPT. BedPHLLE TOV Y10, TO ETITENO TpiywVO, avTIKaMoTMVTAGS T0. [NKN
OV 00V TOV UEYITTOY KDKAWY THS GAIPOS, UE T0 NUITOVO. TMY QVTITOLYMY YOVIOV.
Hopdlo mov woko Liya eivar yvwatd yio. ) {on tov, 0 Mevédaog Gewpeitar mwg éliae
oty Paun, omov xowa wdoo mbavotyto uetoxopiae, £roviog TEPAEL T0. VEAVIKG. TOD
ypovio. oty Adeavipera. O Ilarmog 0 Adeéavdpevs koi o Ilpokiog ovapépovial o’
Ty, ¢ «o Mevélaog g Alelavoperag.
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Av e evbeio Tov emmédov evog iymvov aABC, mov dev mepiéyer kayio omd TIg Ko-
POPES TOV, TEUVEL Jio, TAEVPG. TOV TPIYOVOD, TOTE B GuVvavTd (€0mTEPIKG) 11OVO pila, 0o
TIC VTOA0ITTEG DO TAEVPES TOV TPIYDVOD.

M K/ L,

C
Mo LAk ¢

K

B

L K M ¢

Zyoko. Xpnoyomoimvas diapopetika avvola alioudtwy atyy Evkieioeio [ ewuetpia, to oli-
wua tov Pasch, umopei v, omoderybei kar w¢ Oewpnua, onladi we ovvéreo oliwud-
TV 010ipeatS Tov ETITEIOD (KdTi avtiatoryo ue 1o Gemphuo tov Bolzano-Weierstrass
Vio. oVVEYELS auvapthaels oty avaivan). H exdoyn oy, enelnyeiton ko ontikomoleito
TOPOKOTE).

v Aliwua dioipeane emmédov. 1o dedopévn evbeio. O , mov diaipel o emimedo ae 000

nuenineda, v eivar & pia alin evbeio mov opiCetar amo to dipa evBoypdpuov TR
T0G TOV ETITENOD QVTOD KOl TO. GKPO, ATC, AVIKODY € O10POPETIKA, NUIETITEDD, TOTE TO
anueio mov opieTar wg & M &, avikel 010 E0WTEPIKD TOV EVOVYPALLOD TUILHOTOG, EVED
0 T0. GKPOL 0VTA AVIKODY GT0 1010 NUIETITESO TOTE, TO aHjielo Tov opileTar g O N &,
avikel ato eCwTepiko (atig TpoekTaaeis) Tov vbvypduion TupoTog.

N2
\ 7

2TV TEPITTON IOV EYOUE Tpio, aNUELD, 01 GVVOTEG TEPITTOGEIS EVOL, VO AVIKOVY T,

000 a1’ QTG 0TO EVOL NUIETITENO Kl TO TPITO GTO GAAO 1] VoL OVIIKOVY K0l TC. TPIa. GTO
VoL 00 T0. 000 NUIETITEN.

Av epappoaoyie to mponyotuevo alimpa d1aipeans EXITEIOD aTo. Tpio. aniLelo QTA aVd,
dvo, mpoximrer 1o oiwua tov Pasch wg Geapnua.



724

(OYZIQAH [IPOBAHMATA EYKAEIAEIAY TEQMETPIAX

3) Eyopuie mv aiotnon oti, pie Ty 100)@YH 100 IPOCAVATOLIGUEVOD TUNUGTOG, GTHY 0D-
alo, Gewpodue ot ato avtiatpopo Tov Bempipotos Tov Meveddov, ikavomoieito 10 a-
Eimpa tov Pasch. Zoyv mpayuoricotyro. duw dev eivau étar. Ipémer va amodeioue oe
Kkabe mpopinua, mov yivetal ypnon Tov aviiaTPOPoy 10V Bewpnuatos oo Meveidov, ot
t0. i, onueio. 00 TpoPifuatog tavomoiody 1o alimue tov Pasch. Xto mapakdrw
ayNito. TapovaIalovial 01 dMdEKa OOVATES 10TACEIS DIOTELVOVTAG T EVa, TPIYWVO. X
0AEG TIC TEPITTATELS, TPOPAVES, IKavoToleiTal To aliwua tov Pasch.

A A M A

L A
L A
M

c . M C

B L

A
C
B

B
C
K
M

4) Ocwpodye iyovo aABC ko pia dotéuvovoa, K-L-M pe o K,L,M otig

evbeieg mov opilovv o1 thevpéc BC,CA, AB avtiororya. Av K',L",M" a apuovi-
xa avloyn tov K, L, M wg mpog ta (edyy tov onueiov (B, C),(C, A), (A, B)
ovtigrorya (onh. 1gyver (B,C,K,K")=(C,A,L,L")=(A,B,M,M')=-1),
1076 (PAéme To mapaxdw aynue) o abvoia twv oqueiov {K, L' M"}, {K',L,M'}

kou {K', L', M}, aovigroov tpiddes opocvdeiaxav onueiov.
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I »E] Eni kkhov Bempovpe 3n to mAnbog onpeia pe NeN,,, Ta omoia

dtpovv tov kKikAo ce 3N 1o mAnBog tO&a. AT avtd, N -T0&a £yovv
unkog 1, n-to&a £xovv punKog 2 Kot To vroAoTo N -0 £yovv Un-
ko¢ 3. Na amodeiEete dT1, d00 TOLAGYIGTOV amd T Be®POVEVE ON-
peia, GVVIGTOUV T AKPOL LG SOUUETPOV, TOV dEGOUEVOD KOKAOL.

3
PSS

\

B ATOOEIE. ZNUEIOVOUE HE LadpO YPOUA, To AKpa TV 3N TOEmv. Atopovue To
2n to&a pe unkog 2 kou 3, o€ ioa Tunpato unKkovg 1 kot onueid-
vope ta N+2n =3n onueia dwipeonc, Aevkd (BAEne Ta TapoKdT®
onuata). Xtov kokio axtivag R, £xope 3n pavpa kow 3n Asvkd

onueia, ONAad cGuvolikd 6N onpeia, To 0TOi0 ATOTEAOVY KAVOVIKO

nolvywvo. ['a v aktiva R, woyvel 27R, =6n= R, = 3n,
p/a

YmoBétope Ot1, 0 1GYVPICUOS TOV TPOPANUATOC Eival ECOAAUEVOG.
Onote, avTdOOpETPIKA, o€ KAOe povpo onueio, Ba avtiotoryel Eva
Aevkd. Ta pavpa drpa kKabe toEov unkovg 1, vroypemtikd o o-
VTIGTOOVV OVTISIOUETPIKA, GE dVO AEVKA omnpeia, Tov dtapovv Eva
16&0 uKovg 3, OTWS ONTIKOMOLEITOL GTO TPMTO O TOL TOPAKAT®D
dvo oyfuata. Emouévag o aptBudc tov towv pe pnrog 1, Oa 1600-
Tl PE ToV aplipod TV T0E®V Tov £rovv unKog 3.
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Enopévmg, dvo tovAdyiotov and to povpa onueio, cuvieTobv AKpo
(oG St pETpov, Tov dedopévov kOKAoL e axtiva R, .

[Ma meprocdTepn Katovonon Tov TPOoPANUATOS, GTO TOPUKAT® GYN-
LLOLTOL OTTTIKOTTOLOVVTOL, Ol TEPITTMOEIS N=1 ko N=2.

n=LR=2 n=2,R=%

Emanuaven:  To mpofinua wov mponynbnke, eivar einuuévo omo to yvwato mepiodiko KVANT, oo
1982 (zetyog 11) kou éyer mpotabei oo tov V.Proiznolov (B.Ilpousnonos). H anddeién
oviiker otov V.Dubrovskij (B,Jy6posckuii) kou mepiéyetar 010 010 mEPIodiko (tebyog
12) tov 1982. Eivar mold edkolo, va. daael kavelg moAlég koa d109opeTikés amodeilels
10 TpoPAnua avto. H dvaxolio Eykertou, oty diotdmwon g amooeIlns, wate vo 0106é-
T€1 EMOPKN TEKUNPIWTY, Tpokeluévon va. eCaopaliotel, n fabid katavonay, ¢ kabe
Jemrouéperds te. Alwate, dev etvor dyvaaty, n ovufovdn tov ltakod pabnuatixod
Joseph-Louis Lagrange (1736-1813), atov matépa o Augustin-Louis Cauchy
(1789-1857), y1a Tov y10 0D, TOV OTOIOV AVAYVWPITE TO TPWOIO TOAEVTO OTIC OETIKES
emiatues: «Mnv tov agnoeis vo mdoer ota. yépio oo kavévae fifiio Mabnuotikgy
mpw yiver 17 ypovaw. Ilpoéyel va. avamtdéel Tig YAwoaikes oo 0eCi0TnTes ate, 0tay
010 téhog aayolnbei ye to. MaBnuatixd, ve. eivor ae Oéaer va, ypdger e 1o d1ko tov aTvi
Ka1 0yl L€ DPOG OAVEIGUEVO 00 To. TPEYOVTO. fifiAion.
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ILONTPEY] i) Alvetar icomievpo Tpiyovo aABC kot onpeio D oto ecwtepikd
tov, této10 ®ote XDBC =6° ka1 KDCB =18°. Na vroloyicete 10
pétpo g yoviag £DAC.

A

ii) Atvetat 1oémievpo tpiyovo AABC kou onueio P 610 ecmtepcd
Tov, Této10 OoT1e XPBC =54° xou £XPCB =42°. Na vroioyicete 0
pétpo g yoviag XPAC.

A

m Avon. i) Xwpig PAaPnN ™ yevikdmrag, Oeowpovpue AB=BC=CA =1.
‘Eoto X=4DAC kot a=AD. Tote €gope 61t KDAB =60°—X,
£ADB =66°+X ko1 £ADC =138°—X.



OYZIQAH IIPOBAHMATA EYKAEIAEIAY TEQMETPIAY 753

Av ot apiBpol X,Y,Z aviurpooconehovv Hoipes, 1 mapondve e&icm-
o1 LETOAAACOETOL GTNV:

(k cot(%) —cot %) (ﬂ cot(%) —cot %) (m cot(%) —cot %) = % . (B)

Me 1 Bonfeta nAekTpovikoy VTOAOYIoTH PpicKope, TIC aKEpALES Kol
OeTikég AMoelg g Tapanave Elcwong Tov mepEyovtal 6to Ykpilov
YPOLATOG YWPT0, TOV EMTEIOL TOL OPILEL TO IGOTAELPO TPIYWVO
2aABC (BAéme 10 TapaKATO G UA).

O1 Mgl ota vdrowma yopio Tov emmédov, pmopovv va fpedovv
a&lomolmVTaS Tovg AEoves GLUUETPIOG Kot pe oTpopn 120°.

Inpeio D;
Hei—> 1|2 3 4 516 |7 8 9 |10 | 11

Xe=|18°|12°| 15°| 18°| 18°| 6°| 6°| 15°| 15°| 12°| 12°
yo=|54°|54°| 75°| 84°|126° | 78°|84° | 90°|105° |114°| 78°
z°=|12° | 18° | 135° | 126° | 84° | 84° | 78° | 105° | 90° | 78° |114°

To xaféva amd ta Tapamdve onueio, LG EMTPETEL VA OTIULLOVPYT]-
OOLLE EVOLLPEPOVTO YEMUETPIKE TPOPANUATO — «YEVVITOPESY.
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Kamolo amd avtd dev £xovv amhég YeOUETPIKEG AVOELS, OTIMG TO oL
pov TpdPANUa Tov amewkoviletor oto onueio 2.

ACiCer vo onuerwBet 6m o1 opifuoi X, Y,z v onueivv D, D,,D,, Ds, Dy,
D,,D,, ka1 D,, eivor modamidoe tov 6, eve) ta. Dy, Dy, Dy o0 I5.

Oleg o1 mapamdve tp1ddeg (X, Y, Z) , ikavormowovv v e€icwon (E).
Tehkd, o TANOudg apBpnds tov onueiov D Ba eivar 6x11=66,
OT®G OTTIKOTOLOVVTOL GTO GYNLLOL TOL OKOAOVOEL.

SoumAnpopatikd, av Oewproope tig yovieg a = XCPA, = £CPA ,
v = XCPA (ouvdéovtat pe ™ oyéon e+ B+ vy =360°) dnhodn:
AQ
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OVTEG OVTIOTOLYOVV GE TPLAdES (X, Y,Z) Kot onpeio Tov Tponyovpe-
vou mivaka (Y100 10 YKpL Y0Pio TOV EMMEIOV) KO TPOKVTTEL O TOPOKATM
nivakog yuo Tig emiong aképoateg OeTikég TpLdoeg (o, B,7) .

Pl 1] 2 4| 5| 6| 7| 8|9 10|11
= [114° | 126° 48] 6| 18°] 12°] 30°| 15°| 6°| 42°
go=| 84°| 78° 540 | 12°| 48° | 42| 45°| 30°| 18°| 54°
Vo= | 162° | 156° 258° | 342° | 294° | 306° | 285° | 315° | 336° | 264°

Oleg or tpradeg («, B,7y) mov ameovilovtol 6ToV Tapumdve Tivoka
avTIoToYovV € drokpitd onueia, pe eEaipeon 1o onueio 3 1o omoio
av1KeL oToV TEPiKLKAO TOL Tpry®@vov AABC, mov kébe onueio tov
KOKAOL avToV, avtictolyel oty Tprada («, B,7v) = (60°,60°,240°) .

H tpuada avt dev avtiotoryel o dtakpitd onpeio Tov omoiov, ot a-
VTioTOL EG TYES TV YOVIOV (X, Y,Z) va elval aképoteg kot OeTikéc.

A

Mepwd mpotewvopeve Tpofiqpato mov TPOKHTTOVY 00 TO TAPATAVE
KO 00TEAOUV TPOQT] Y100 OKEYT Ko 6uin|TI00).
1) Znupeio D Bpiloketan 610 €mTEPIKO 1GOMAEDPOL Tpry®dVOL aABC
¢tol, oote XDBC =24° xou XDCB = 54°. Na vrtoloyicete to pe-

po TG Yoviag £KDAC. (Amavmon: X DAC =18°)
A Q
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Me avtikatdotoon Tov X, Y,Z o1 oxéon (X), TpokOTTouy o1 mTapo-
KAT® TPOTEWVOUEVEG TTPOG OTOOEIET], TPLYMVOUETPIKES GYECELS:

z_ ). Zz_ ). 37 _ Z\=_8
1) (cot15 cot 3) (COtlo cot 3) (cot o — cot 3)_ 35
(mpoxdmtet and to onpein 1 ko 2 g onueiwons-3).
Z_cotZ). ST _ oot Z). 37 _ ot Z)=-8_
2) (cot 75— cot 3) (cot 7 —cot 3) (cot 4 —cot3 ) =
(mpoxdmtel and to onueio 3 g onuciwong-3).
z_ . Iz _ ). Iz _ Z)\=_8
3) (COtIO cot 3) (cot 3 —cot 3) (cot o —cot 3)_
(mpoxvmrel amd ta 4 kot 5 g onueiwong-3).
z _ ). Bz _ ). Iz _ Zy_-_8
4) (cot 39— cot 3) (cot 30- — cot 3) (cot 5 —cotz ) =
(mpoxdmtel amd To onpeio 6 ko 7 g onueiwons-3).
T _ ). T _ ). Iz _ Z)\=_8
5) (cotﬁ cot 3) (cot 5 —cot 3) (cot 7 —cot3 ) =
(mpoxvntel and to onpeia 8 ko 9 g onueiwans-3).
Z_cotZ). L7 _ ot Z). D7 o1 Z)=-8_
6) (cot15 cot 3) (cot 30— cot 3) (cot 30— cot 3)_
(mpoxvmntet and ta onpeion 10 ko 11 g onueiowons-3).
Hopatipnon. H petaynuotionos M mov mepiypdger to Gewpnuo ot Mooy tov (ii), opiler yia kabe
D, évavéo anueio D, =M (D, ), mov &er v 1016tyta. «oi evbfeiec D A, D, B,
D, C va gynuatiCovy, yovies twv omoiwy ta uétpa va. eivar oképaior Getikot apifuol,
e Tig mievpés 1o aABC ». Av avupolicoue e S ooupetpia wg mpog uia ev-
Oeia (&) 1612 10y0e1: D, =S (M (D,)), D=5 (M (D,)),
4 — ¢4 — ¢4 1
D, =5 (M(D,)), D,=5(M(Dy)), D, =5 (M(D,,)), e ecaipe-
o1 10 onueio Dy, tov omoiov 1o avtiotoryo onueio, amd ) cvuuetpio w¢ mpog Tig diyo-
TOUOVG, PpioKeTal aTo Amelpo, TOUN TPIOY TaPCAANAWY EV0EIDY).
(&) (&) (¢)
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Atvovton téoogpelg KOKAoL (k), (A), (1), (v) pe kévrpa K, L, M, N
avtiotoyyo. Av 1e0el {A, A"} =(k) N (1), {B,B}=(1)n(u),
{C,C'y=(u)n(v), {D,D'} =(v)N(x) xorta onueio K, L, M,
N, A’, B, C' kau D’ givar opokdkAia, va amodeiete Oti t0 Te-
tpamievpo ABCD egivar opBoymdvio Taparinidypappio.

m Anodeién. BAéme oynua-1: Av amodeiope 6t ta onpeia {K, A, B’} givat opo-

evbelakd, Tpopavmg (Le dpoto Tpomo) Kot ot Tpiadeg {K,D,C'},
{L,A,D'"},(L,B,C"),(M,B,A"),(M,C,D"),(N,C,B") kau (N,D,A"),

0o cuvieTovV opogvBeLaKd onpeia.
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Atvetar tpiyovo aABC pe mhevpég BC=a, CA=b kat AB=c.
Kotaokevdlope eEmtepikd ta tetpayova BDEC, CFGA, AHIB,
ue mhevpés a,b,c avrtictoya, ta tetpdywva GMNH, 10JD, EKLF
ue mAevpés K, £,m xon ta tetpdyova JPQK, LRSM, NTUO pe
TAEVPES X, Y, Z avtiotorya. Na amodeilete ot

2 2 2
a’+b’+c® _ K+ +m? _ X +y +7

1 3 16
S

Ps Q

m Anddeién. 'Eoto 61t K CAB=a, XABC=0 xou XBCA=7.
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m AAMac.

IIpocsOnkn 6to TPpoPinna-216, 6er.669

Av O 10 péco g mievpdg BC, Bewpodpe opbokavovikd chotnua
atévov X0y pe 1o B,C otov dova X kot pe tetaypévn tov A Oe-

tikn. Etvar tpogavég 6Tt PH, L BA xon PH, L CA.
(m,nA

Hl(

(=L,5)

—L .
-a,00B  (=£,00Q OI P(¢,0) C(a,0)

‘Eotw: A(m,n), B(-a,0), C(a,0), P(£,0), Q(—¢,0),ue a>¢>0

Kol N >0 (BAéme 10 Tapoamdve oynuUa).

Tore: E(Ea p)a F(_fa q) > Hl(—E,S) > Hz(ﬁ, t) Kat M(X05 yO) : A(POf)

£AB,£C#90°, 0o éyovpe M= a kot M= —a. Oao Ppodue apykd To

X

P.d,S,t,X,, Y, cvvapticeltov a,/,m,n. [oapatnpovpue otu:

m+a n

:O =
a-¢ q =

{ﬁ:(m+a,n)

o A BA || BF =
BF=(a-/,q)

\—V__J
(m+a)g-n(a—rt)

m-a n
{—a p

CA= (m-a,n)
CE = ({—a,p)

CA||CE:> =0=|p=

S
(m-a)p-n(/-a)

BA =(m+a,n)

%,_/
—2¢(m+a)+sn

= (20,1)

QH, LCA=QH, CA=0=|t=2((a-m)
CA= (m an) n

20(m-a)+tn

{ = (26, )} PH, L BA=PH,-BA=0= s=%(a+m)
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QM = (X, +/ N P4
Opoioc Q_(o+ . Yo) AOMIIQE = |t Yol_oo
QE=(2(,p) 26
=X+ Pp-Y,20=0=pX,—20y,=—Lp. (1)
PM =(x, ¢, | x =
Emiong { __. =6 Y0) APM||PF=|" Yol _o=
PF=(-2¢,0) 20
=% —=00q-Y,(=20)=0=qx,+2Ly,=(q. (2)
' to ovotpa tov eiodcsnv (1), (2) og mpog X,, Y, EXOvE:
p 2L .
= ‘:2£(p+q)¢0,a(p01):
q 2/
_a-( ,, (—a ,_2an({-a)
Q+p= N+ — o n= T #0. (3)

(Awoopetikd: D=0= p=—0q= PE = —QTs =aPCE =2QBF =
= APCE = XQBF «at evtog evarrd. Apa CE || BF, npdypa dromo).

—lp =2/ —/
= P =2/°(q—-p) kou D, = P p‘:Mpq.
© g 20 ° g /q
D - D
, _Dy_a-p D, __pg
Apa | X, = D p+q€ Kot | Y, D ~pxql|

‘Exovpue AM= (X,—m,y,—n) xou HH, =(2¢,t—5) ondre:

apkei

AM1HH, « AM-HH, =0«
=X —m)2L+(Y,—n)(t-95)=0«<

C(Mf—m)2ﬁ+(pp—q—n).(ﬂ):0<:

p+q +q n
Cﬁg_m_ﬂ.z_m_|_2m:()<:

p+q p+gq n

q—pg_ 2mpg +m=0<

p+q n(p+q)
<n/l(g-p)-2mpg+mn(g+p)=0. (D

. o n_a—{ . (—a ,__2mn¢-a)
AN g-p=Son—s=n= SroEPORt “4)

o_a=l o f-a  _ N(-a)
g p_m+a n m-a n= m?—a? ®)

Adyo tov oyécemv (3), (4) kot (5) mapoatnpovue OTL:
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ENOTHTA IIPQTH

o+ By =1360° [4] A Ib-cl<a<b+e

Aldaig:
O<a b ec<t=

atb+c
2
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ENOTHTA TPITH

]

o+ B+ §=360°

[+]

o+ B

ﬂ a-b

ZB+LC=90°= x=—

TpeamiCier

=
o
=

[ 11] ABCD toooxerss Tpomtzo =

1]

at+b
=a=banc=dnrx=y looawsid; Tpexiio  © 2
A b D
5 ¥
B L
. H J
e
a

E a-b

=

laoaxesic Tpaxidio 2
A b D
x_ 11
B C
S

a

[14]

a=b=x=90°
Tirpeipeove
Aga E D
b
X
F
B C

ﬂ MB=MC=a=2ba2x=y

Mepesi.gichypasgipier

[16] MB=MC ANC=ND =
vz

Tlopecdinidyp. D

C

= [lapaiinidypagy

20]

e yphdiypessipror
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ENOTHTA HNEMITH

] wne=myeorie] [2] (1) = a=b

3]

it} = at=p

4] OHLAB=a=bh

&)
KN Vi £t
KORVES BftT, Epeerapivey
epaTTouive;

EQETT. TOU (C} B, Tan o)
% [ o )
fc),
(_g T
e ft:)
P
ﬂ Oripnpa 10v Pancelet ﬂ Beippa 1ou Pior ﬂ Beidpny Tov Steiner ﬂ wonvis s, _
b+e=a+2r A ate=b+d a-c=b-d oo i gl
d
a D
[
fyxaciogs B b C
10] o a=b| [11] x=90° | [12] atb+tc=s

ﬂ r=Erptr

Epwuciog ADFC
dywnriog aABC

iyxwiog aEBF
iy
/

E x=ritr;

ETTEIKES
KOWES ST,

fish

)
efwTEp, Ko epar.

A BC=p,-r

B Eprchog

TOPEPKIRAGS

h=r+ri+r;
tywukho; AHCA

ﬂl r=3r = x=60°

KOG
EfotEp,

e,

efoatEpiKe
EqpeTTiy.
(e




818

OYZIQAH [IPOBAHMATA EYKAEIAEIAZ TEQMETPIAY - ITAPAPTHMA

ENOTHTA EKTH

1 ecﬂzomwkmu Balij
m
) -
(edlifesllifes) = e

Ewwime Beop. Sedsf

k m
DE/BC == =—
{ n

3]

k
AB/BC = —=—
£ n

Euveagin Benp, Sl

m

/
!

ﬂ Bebpripn seeTEpIRS SyoTdpou
A 'I

b oom

(& n

ﬂ Beibpripn séoTepmfs SyoTopon
b_m
[ n

wt DKC m/ |

v
n efors, SproTipoeg

(B.CDE) = -1 © cpuovisie aulu

Babprpe 10U sKKEVTHOT

x b+e

v a

Saipipa 1ou Ceva
X v o=z

k £ m

Eaiprype ou Ve Awbel

0]

kf=xy

be=2Rh

ma+nb

m+n

20]

Mapeal inddypopge

2@’ +b)y=c'+d’
VI’EBD=9£='—
x

v

b
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EYPETHPIO ONOMATQN

N\ | LA
Ovoua Xelidecg raln
Apostol, Tom M. 674
Bader, Abram XXI
Bernoulli, Jacob 519
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